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Graph Neural Networks (GNNs)

e With: Pablo Barcel6, Egor Kostylev, Jorge Pérez, Juan
Reutter, Juan Pablo Silva (ongoing work)

e Graph Neural Networks
(GNNs) [Merkwirth and Lengauer, 2005, Scarselli et al., 2009]:
a class of NN architectures that has recently become popular
to deal with structured data

— Goal: understand their
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e Weight w,_,, between two consecutive neurons
e Compute left to right A(n) = (3 ww—n x (1))
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e Weight w,_,, between two consecutive neurons
e Compute left to right A(n) = (3 ww—n x (1))
e Goal: find the weights that “solve” your problem
(classification, clustering, regression, etc.) 2
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Finding the weights

e Goal: find the weights that “solve” your problem

minimize Dist(N(X), g(X)), where g is what you want to learn

44

use

e Problem: for fully connected NNs, when a layer has many
neurons there are a lot of weights. ..

1

example: input is a 250 x 250 pixels image, and we want to
build a fully connected NN with 500 neurons per layer

— between the first two layers we have
250 x 250 x 500 = 31,250, 000 weights
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A convolutional neural network.

e Idea: use the structure of the data (here, a grid)
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A convolutional neural network.

e Idea: use the structure of the data (here, a grid)
— fewer weights to learn (e.g, 500 x 9 = 4,500 for the first layer)
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A convolutional neural network.

e Idea: use the structure of the data (here, a grid)
— fewer weights to learn (e.g, 500 x 9 = 4,500 for the first layer)
— other advantage: recognize patterns that are 4
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Question: what can we do with
graph neural networks? (from a
theoretical perspective)
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GNNs: formalisation

e Simple, undirected, node-labeled graph G = (V, E, }\),
where \ : V — R¢

e Run of a GNN with L layers on G: iteratively
compute xL(,') e RY for 0 < j < L as follows:

= x = \u)
i+1 i i
- X = (<, ({{x” | v e No(w)}})
o Where the AGG) are called aggregation functions and
the COMB) combination functions
e Let us call such a GNN an aggregate-combine GNN (AC-GNN)
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AC-GNNs: what can they do? Related work (1/2)

- XY = (x$", ({0 | v e Ne(u)}h)

e Recently, [Morris et al., 2019, Xu et al., 2019] established a
link with the Weisfeiler-Lehman (WL) isomorphism test

— Namely: WL works exactly like an AC-GNNs with
aggregation and combination functions

Corollary ([Morris et al., 2019, Xu et al., 2019])
If WL assigns the same value to two nodes in a graph, then any
AC-GNN will also assign the same value to these two nodes
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AC-GNNs: what can they do? Related work (2/2)

e There is a link between the WL test and FO with 2 variables
and counting (FOC>)

— example: p(x) = 325y (E(x,y) vV 3Z2x(=E(y, x) A C(x)))
o [Cai et al., 1992]: we have WL = WLl if and only if u and

v agree on all FOCj, unary formulas of quantifier depth < j
in G

e Given these connections, we ask: let ¢ be an FOC, formula.
Can we “capture” it with an AC-GNN?
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AC-GNNs for FOC;: graded modal logic

e Observation: there are FOC; unary formulas that we cannot
capture with any AC-GNN
— p(x) = Blue(x) A Jy Red(y)
e What are the FOC, formulas that can be captured by an
AC-GNN?
— Graded modal logic [de Rijke, 2000]: syntactical fragment
of FOCs; in which quantifiers are only of the
form 32Ny (E(x,y) A ¢/(y))
(Also called ALCQ in description logics)

Theorem

Let ¢ be a unary FOCy formula. If ¢ is equivalent to a graded
modal logic formula, then ¢ can be captured by an AC-GNN,

otherwise it cannot.
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e We say that a GNN is simple if we update according to
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identity in between)

e Idea: the feature vectors xl(,') of each node have

o X o1 Aga) = £ (01) + 27 (02) — 1)
° xL(,’Jrl)(ﬁ(p') = f(—xl(,')(go’) + l)

o x3i+1)(3zNy E(y) A e) = F(Eensw) Xy)(so') — (N —-1))
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Positive result: building simple GNNs

e We say that a GNN is simple if we update according to

AR RSN WU U 0N B SO I ORI
VENG(U)

where f is the truncated ReLU (zero if <0, one if > 1,
identity in between)

e Idea: the feature vectors x( ) of each node have

¢ xl(‘I:Jrl)(@l Ap2) = f(x (p1) + x$(02) — 1)
o () = F(-x() +1) |
o XM@Y E(x,y) A ) = F(Zyene () = (N = 1))

— After L layers, we will have xSt (gp) = 1iff u |E ¢(x)

10



Negative result: Van Benthem/Rosen characterization of GML

e We use the following [Otto, 2019]: let ¢ be an FOC; unary
formula that is not equivalent to any GML formula. Then
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and v [~ ¢ and such that for all i € N we have wL) = wi ()
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Negative result: Van Benthem/Rosen characterization of GML

e We use the following [Otto, 2019]: let ¢ be an FOC; unary
formula that is not equivalent to any GML formula. Then
there exist a graph G and two nodes u,v € G such that u = ¢
and v [~ ¢ and such that for all i € N we have wL) = wi ()

— By [Morris et al., 2019, Xu et al., 2019], any AC-GNN must
() (1)

have x;’ = x;’, so it cannot capture ¢

11
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ACR-GNNs for FOC,

e Can we extend AC-GNNs so that they are able to capture
any FOC5 unary formula?

— Yes: add global computations in between every layer.
= X = (x7, {{x$ | v e
No(u)}}), (=" [ ve )
e Call that ACR-GNN, for

Theorem
Each FOCy unary formula is captured by a simple ACR-GNN

— Having readouts strictly increases the discriminative power of
GNNs
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— "“"GML = FOC,; N AC-GNNs C simple AC-GNNs"
— “FOC, C simple ACR-GNNs"

|deas of future work:

e FOC N ACR-GNNs = FOC5,?
A logic that fully captures all simple AC-GNNs?
Given a GNN, find a formula that describes it?

e Which functions can be approximated by GNNs?
Other architectures of NN?

Thanks for your attention!
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